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Problems with the Classical View  

• Photoelectric Effect:  The flux of photoelectrons emitted from  a surface depends on the 
incident intensity, however the kinetic energy said electrons is independent of intensity.  How 
does one compensate for the energy emitted? 

• Secondly, how does one explain the sharp threshold wavelength of the incident light required 
to generate photoemission? 

• Fraunhofer Lines:  Dark bands isolating narrow emission lines present in chemical spectra of 
gases, and stellar observations.  What is it about chemical species that requires a specific 
wavelength emission? 

 

http://en.wikipedia.org/wiki/Fraunhofer_lines  

http://en.wikipedia.org/wiki/Fraunhofer_lines�


Bohr Model 

• Niels Bohr attempted to explain these anomalies in 1913 through a model designed to characterize 
the emission spectrum from the gas discharge of the hydrogen atom 

• Physicist at the time had already discovered the size, charge, and mass of the electron as using the 
Zeeman effect  which showed a splitting of the spectral line widths present in an emission 
spectrum under the presence of a strong magnetic field. 

• However,  there was no model predicting how the spectral lines were generated in the first place. 

• Bohr proposed the following hypotheses in attempt to explain these lines 

1. The H atom included a positively charged nucleus and a negatively charged electron orbiting 
in a circular motion 

2. The electron could orbited in closed circular orbital's based on the amount of angular 
momentum of the electron and that each state was an integral multiplier of Plank’s constant, 
h,  divided by 2π 

3. Because the orbits are “quantized” in radius by Plank’s constant, the electron must lose and 
gain a quantized amount of energy when it  moves from one orbit to the next. 

4. The radiation emitted or absorbed during when an electron moves from one orbit (or state) 
to another is determined by the Einstein frequency condition 

 



Bohr Model Continued 

• Using the spectral line widths experimentally determined by others, Bohr was able to predict 
the various states of the H atom by assuming that an electron with velocity, v, rotates in a 
circular orbit of radius r around the nucleus.  

• Notice that this model is essentially classical in nature with the two additional assumptions 
that orbital s are discredited by Planks Constant, and that the electron radiates and absorbs  
when moving between states using Einstein’s predictions  

 

 

• Once he had established quantized states,  Bohr applied the Lorentz equation for 
electrostatic fields to solve for the radius of each orbital 

n = 1 state of the atom 
Ground state radius of the H atom 
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Bohr Model Continued 

• Bohr found find the total energy required to obtain a specific orbit.  Again this solution is 
originated from classical physics 

 

 

 

• Next,  Bohr applied the Lorentz force again to solve for v.  Using the force equation to solve 
for mv2 and then required the average energy of the particle be minus equal one half that 
value to satisfy the virial theorem 

 

 

 

 

• Finally, he substituted his radius equation in for r, to obtain. 

Where the n=1 energy state is 
the ground state of the H atom  
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Reduced Mass of the Electron 

• Bohr’s model was fairly accurate in predicting hydrogen  line widths.  However, small 
adjustments need to be performed in order to predict the exact lined widths experimentally 
measured. 

• Thus the idea of the effective electron mass was introduced to accommodate for the mass 
ratio generated by the electron/proton system.  This concept would later be applied in similar 
models to electron orbital shielding in multi-electron states throughout all of atomic and 
solid state physics. 

 

 

 

• Reduced mass accounts for the finite size of the nucleus and the fact that the electron-proton 
system rotate about the center of mass of the combined system and not the center of the 
proton as assumed by Niels Bohr. 



Predicted Atomic Emission Lines for 
the Hydrogen Atom 

• Figure shows the first 5 atomic states. 
• Note that it takes 13.595eV to move from the ground state to the n = ∞ state in which the electron 

is freed from the atom.   
• The energy required to free an electron from a bound state is referred to as the binding or 

ionization energy 



Example: 

• Calculate the binding energy of the first three electron energy levels of the hydrogen atom 

 

 

 

 

 

 

 

 

 

 

 

• To find the emission wavelength of each state, one must convert eV to nm using Einstein’s 
relationship and Maxwell’s solution to the wave equation. 

 

 

• Absorption of this wavelength by a hydrogen atom results in the ionization of an electron in 
the n = 1 state.   This process is known as photoionization 



Allowed Energy Transitions Within an Atom 

• Assuming, as Bohr did, that an atom could absorb or radiate light to transition from one state to 
another, then Einstein’s frequency condition applied to Bohr’s model requires quantized 
frequency conditions as presented below. 
 
 
 
 

 
 
 

• In terms of wavelength, one uses                      to obtain: 
 
 
 
 

          where RH is called the Rydberg constant 
 
• This wavelength is obtained for vacuum conditions.   If the light is emitted into a medium, then 

 
 
 
 

  n
vacλλ =



Alternate Plot for Energy Levels of Hydrogen 



Ionization and Energy Levels 
• ionization energy of a neutral hydrogen atom is 

13.595 eV 
• Other neutral atoms have ionization energies 

ranging from 3.89 – 24.58 eV. 
• Every atom has bound energy states that 

determined by the orbit of the outermost 
electron. 

• In multi-electron atoms, the orbits of atoms closer 
to the nucleus are shielded from ionization and are 
not involved in the determination of energy lvls 
associated with laser systems.   

• Ionization of an atom opens up new states from 
the next outer electron orbital. 

• Since ALL atoms other than hydrogen have more 
than 1 electron which can be ionized from the 
atom, then we must account not only for neutral 
atom states, but also for ion energy states after 
removal of the first electron. 

• As each successive electron is removed, the 
ionization energy required for the next inner 
orbital is much larger than that of the previous.   



Examples of Different Atoms 

• Alkali metals have low ionization potentials 

– Cs+   requires 3.89 eV 

– Ba++ requires 10 eV 

– Li ++ requires 75.6 eV 

• He has one of the highest 

– He+ requires 24.58 eV 

• Solutions for + ionization determined from (where Z = number of protons in the nucleus) 



Heisenberg Uncertainty Principle 
• About the same time as Bohr’s theories were tested, Heisenberg put forth his uncertainty principle. 

 
 
• Heisenberg stipulated that the minimum amount of accuracy obtainable in wave-particle duality is 

equated to Plank’s constant of the quantum.  
• The uncertainty present in every quantum system is represented by the deltas present in the 

equation 
• Thus by transferring momentum to an atom with light, one could not gauge its exact position. 
• Or if one took an instantaneous picture of an atom at time t, then there would be some variable 

energy present in the atom that one could not estimate to any higher accuracy than hbar. 
 

• This theory is pivotal in the understanding of quantum phenomenon and will be utilized throughout 
the remaining discussions of quantum theory. 

• In fact, it is this uncertainty which required a more accurate description of the atom than Niels Bohr 
was able to offer.    

• It was Schrödinger who offered a probability description of electron states within the atom and was 
therefore able to better describe the wave/particle duality of  system  



The Wave Nature of Quantum Functions 

• Modern WM uses wave functions to describe atomic properties of the atom and its various 
states 

• Bohr states are often referred to as stationary states 

• Coherent states refer to transitions from one stationary state to another 

 

• These mathematical functions demonstrate the following mathematical identities 

 Complex wave function 

Normalization function 

Complex conjugate defines the probability of the state 

Probability that an electron is located in a volume, dV 



Stationary States 

• Wave mechanics uses wave functions to describe each of the various n-stationary states  
allowed within the atom.   

• As with Bohr’s theory, let En denotes the energy of the state n. 

• The time dependence of the wave function is provided as: 

 

 

• Which is not an unreasonable assumption since 

 

 

• Which describes an oscillatory behavior (stationary) that will later aid in the development of 
a coherent state 

• The description of the wave function for the nth state is: 

 

• And the probability of locating an electron in the state is  

 

 

 

• Notice that the time dependence is eliminated by the complex conjugate 



Coherent States 

• Require the transition from one stationary state to the next. 

• Mathematically, one can represent the solution as the sum of two different allowable states 
(or solutions to the ODE) 

 

 

• The probability of obtaining a coherent transition is determined by the complex conjugate 

 

 

 

 

• Where 

 

 

 

• Furthermore, the oscillating electron produces corresponding electric dipole radiation from 
its cyclical motion at the frequency v12 equal to that of the transition frequency between the 
two states 



The Schrödinger Wave Equation 

• The ODE developed to solve for these waves was first proposed by Schrödinger 

• In reduced form, the equation can be used to satisfy time independent problems. 

 

 

• Spatial dependence of the solution is provided by the propagation vector, k  

 

 

• Invoking de Broglie’s hypothesis that the electron has a wavelength equal to Plank’s constant 
times its momentum, p, yields: 

 

 

 

• Converting momentum to energy, one can describe the energetic of the system 



Hamiltonian Operator 

• H is defined as the Hamiltonian Operator( or energy operator) of a QM 
system 

• The product of H and Psi  yields solutions for energy, E, in terms of 
eigenvalues 



Time Dependent Schrödinger Equation 

• QM differential equations for non-stationary (time dependent ) functions 

 

 

 

 

 

 

• Fundamentals of radiation emission do not generally require solving time 
dependent Schrödinger equations 



Schrödinger Equation for the H atom 

• Assuming spherical symmetry in an atom with only 1 electron and 1 proton 

• The Laplacian operator (∇2) becomes 

 

 

 

• Yielding the following multi-variable differential equation 

 

 

 

 

 

 

 

 

 

• Solution takes the form: 

 

 

 

M = proton mass,  me = electron mass 

V = potential as described by Niels Bohr 

Assumed wave function 



Schrödinger Equation for the H atom 

• Solution takes the form: 

 

 

 

 

• Where 

 

 

• This is exactly the same value obtained by Niels Bohr for the ground state of the H atom 

• To complete the problem, lets evaluate the constant C1 in the description of the wave 
function. 

 

Ground state wave function of the hydrogen atom 



Spread of the Wave Function for the First 
Energy State of the Hydrogen Atom 

Radial dependence of the QM solution for 
the hydrogen atom 



QM Probability Distribution for the First 
Energy Level of the Hydrogen Atom 

• Probability of finding an electron at any 
specific distance from the center of the 
nucleus in units of r/aH 

 

 

 

 

 

 

 

 

 

 

 

 

• Prob of finding an electron within a shell of 
thickness dr 

 

 

• The smeared distrubtion is close to that of 
Bohr’s radius, but is never exact as Bohr 
predicted 



Excited States of the Hydrogen Atom 

• To solve for anything other than the base state of the hydrogen atom, we must apply 
separation of variables to the differential equation: 

-m2 and l(l+1) are the separation constants used 



Solution to the Separated ODEs 

Allowed states 

Legendre polynomials based on m and azimuthal quantum number, l 



Radial Component Solution 

Associated Laguerre polynomials 

Yields: 



Allowable Quantum Numbers 
• Using the solution to the problem presented, only the following allowable 

quantum numbers are mathematically allowed: 
 
 
 
 
 
 
 
 

 
 

• n = stationary state quantum number from Bohr theory 
• l = angular momentum quantum number 
• m = magnetic quantum number 
• Note: there are several allowable states with the same allowable (or overlapping) 

energies with different quantum numbers.  These states are referred to as 
degenerate 

 



Angular Momentum in Atoms 

• Biggest discrepancy between Bohr model and QM model of the atom 

• Bohr suggested that only base states were quantized, However, his solution could not 
effectively explain line emission splitting in magnetic fields or hyperfine spectra of atoms that 
provide small splitting between stable orbitals. 

• QM provides a solution for these experimental results using orbital angular momentum 

• Divided into two categories 

– Orbital angular momentum 

– Spin angular momentum 

l=0 l=0 

l=1 



Orbital Angular Momentum 

• Orbital angular momentum, L, is a vector defined by 

 

 

• where l is the azimuthal quantum number 
previously defined 

• For l = 0 states (s states) there is no orbital angular 
momentum and thus no net rotation of the electron 
cloud 

• However for p state orbitals with l = 1 state, electron 
clouds are not evenly distributed about the nucleus, 
yielding a net angular momentum that is quantized 
and clearly visible in spectroscopic emissions in the 
presence of a magnetic field.  Zeeman Effect 

• Solutions of the Schrödinger equation also suggest a 
z component of angular momentum whose 
magnetic quantum number, m, is associated with 
the rotation of the cloud about z through the φ axis 



Spin Angular Momentum 

• Extra high resolution spectroscopy of H gas also showed an additional effect unexplained by 
Niels Bohr.   

• This effect  also showed quantized level splitting, but was observed without the presence of 
large external magnetic fields 

• The chemist, Linus Pauli, explained this level splitting phenomenon by applying an intrinsic 
electron angular spin to each allowable state. 

• Pauli required that each electron had spin angular momentum about its own axis with the 
value of either  

 

• The spin vector obtained from the Schrödinger equation results in: 

 

 

• The limitation of only two quantum numbers in the solution does not match the previous 
accounts for unlimited polynomial solutions at different values for n, however the values are 
completed justified by experimental evidence and work to support the requirement that 
every orbital is filled by the incorporation of a spin up and spin down electron. 



Total Angular Momentum 

• Total angular momentum vector 

• The magnitude of this vector is 

 

• For a one electron system, j has the value of either 

 

 

• For l=0, then the quantum number is j = s has only one value.    J = +  1/2 

• The values of L and S are never exactly aligned, however  L+S is called parallel  and L-S is 
referred to as antiparallel 

or 



Fine Structure of Atomic Spectra 

• We have previously arranged the hydrogen 
atom into quantum numbers of n 

• We then established a more accurate 
description containing n, l, m and we defined 
two new quantum numbers s, and j. 

• It turns out that the simple relation between 
j, l, and s provide a different nomenclature 
that may be used to extract all of the 
information with only 4 states: 

 

• This is because one can use l, j, and s to 
deduce m for any given system.  Also, the 
degeneracies associated with m only reveal 
themselves as distinct states in the presence 
of magnetic fields.   Since a large majority of 
atomic and laser physics is evaluated without 
the presence of external magnetic fields, then 
the distinction of m provides less intuitive 
meaning for quantum applications. 

 

 



Fine Structure of Atomic Spectra 

• Splitting the energy levels due to the electron spin can be 
clearly envisioned 

•  As the electron orbits the nucleus, it produces a small 
magnetic field that in turn interacts with the magnetic 
moment of the electron produced by its own spin 

• The field shifts the electrons energy based on its spin 
alignment, up or down, to the localized magnetic field. 

• This is the same as aligning orbital angular momentum and 
that of the spin momentum 

• The hyperfine splitting due to spin is observed as: 

 

 

 

 

• Removing n,l degeneracy present in atoms is achievable 
since each n value greater than 1 has multiple l values each 
having a +/- spin state leading to nondegenerate j states 
that can be isolated as 

 



Pauli Exclusion Principle 

• Normally these sublevels are degenerate, however they become strikingly clear in the 
presence of an applied magnetic field. 

• Each degeneracy, gi, associated with the level I, in a single electron atom is denoted by: 

 

 

 

• Along with the notion of spin, Pauli developed a new rule called the Pauli Exclusion Principle 

– States that no two electrons could fill a single state (n.l,s,j) 

– Each of the degenerate states must therefore be filled by separate electrons having 
either spin up or spin down that become visible in the presence of an external magnetic 
field 

– The effect of this rule provides a unique structure for each electron state that allows for 
the development of multi-electron atoms, and allowed binding mechanisms between 
atoms 



Quantum Conditions for Multi-Electron Atoms 

• The periodic table is built of a elements each having an increasing number of protons, electrons, 
and neutrons.   

• Each atom has a ground state configuration that minimizes the total free energy associated with 
the various electrons occupying its individual atomic orbitals 

• Furthermore, each atom has a minimum room temperature exited state that minimizes the total 
free energy of the various electrons occupying its orbitals 

• Degeneracies in each of these states must be taken into account. 

• For simple atoms, states follow the progression of individual quantum numbers as they fill 



Quantum Conditions for Multi-Electron Atoms 

• For more complex atoms, certain states exist that do not match the basic numbering 
conditions 

• Examples of base energy states for a variety of different atoms 

 

zirconium 



General Rules Used to  
fill the Periodic Table 





Multi-Electron Atom Arrangements 

• In general electrons of an unfilled subshell 
are involved in determining radiative 
transitions 

• Inner shell electrons require higher energies 
than those required to ionize outer orbital 
electrons 

• Furthermore inner shell electrons ionize 
rapidly (10s of femtoseconds) and are not 
suitable for producing lasers 

• Most laser systems are produced from the 
exication of the outer two unfilled shells 

 

• Example:  Silver  ground state 

        Cadmium ground state 

        Cd+ = 

 



Possible Interactions Between  
Multi-Electron Atoms 



Russell-Saunders Coupling Rules 
• Rule most commonly used to determine energy levels transitions in multi-electron atoms 
• Assumes in addition to rules 1 and 2 in the previous slide that electrostatic interaction 

dominates for atoms with two electrons in unfilled subshells 
• The orbital angular momenta of two electrons couple each other linearly such that 

 
 
 
 

• The radiating properties associated with a level can be deduced from the spectroscopic level 
notation with quantum numbers as  
 
 
 
 
 

• The superscript generally indicates the multiplicity of that level 
• Example  1D2   s=0, j=2    Coupling of a d electron with an s electron such that the spins of 

the two electrons are opposite.  The orbital angular momentum of the resulting system is 
due to that of the d electron only. 



Energy Levels of Two Electrons 
in Unfilled Shells 

• Interactions lead to a number of different sub levels 

• Radiative transitions occur from these various sublevels 

• How does the splitting of the energy levels into various sub-levels occur? 

• Consider Helium with 1s2 electrons.   l=0 for both electrons and the only way spins can align 
is antiparallel (Pauli Principle) 

• For combined electron states: 

• Thus the designation for the He ground state is  

 

• Excited states become more complicated.  Lets assume one of the electrons is excited to 2s 

Excited He atom 

Two possible states 

2S + 1 = 1 



He Atom Excited to 1s2p State 

4 possible states 

Triplet State 
Degenerate until 
magnetic field is applied 

Singlet State 

Very little interaction between singlet and triplet states, but degeneracy leads to spread of 
different possible p orbital states seen under an applied B field, or localized binding affinity 



Allowable Transitions Between States 

• The values of energies for 
various energy manifolds of 
triplets will generally be lower 
than excited singlet states 

• Various combinations of these 
states are commonly present in 
organic dye laser systems and 
play a significant role in the 
allowed transitions observed 

 

 

First several energy levels of He along with the ionization limit 



Consider Neutral Carbon 

• Carbon ground state                             
 

 

• Suppose one of the two 2p electrons 
is excited  to form a               state.  
The diagram presented shows all 
available states 

• If the two 2p electrons form a               
state, then the Pauli Principle reduces 
the number of allowed excitation 
states by excluding the possibility of   

 

 

• Why?  Transitions are only allowed 

 when ∆j = ±1, ∆s = 0, ∆l = ±1 AND  

  ∆m= ±1 or 0  

 



Rules for Obtaining S, L, and J  
for LS Coupling 

Let’s examine our Carbon example: 
 (1)   C:   1s22S22P2 
 (2)   2p  2p3d 



Let’s examine our Carbon example: 

 (3)  two electrons can have their spins aligned parallel or antiparallel   



Let’s re-examine our Carbon example: 

 (4)  The quantum numbers for the orbital angular momenta are 1 for p and 2 for d 
         
        Thus, the total angular momentum can take values ranging from 2+1 to 2-1 
                   yielding values 3,2,1 which are decoded as F, D, and P states 



Let’s re-examine our Carbon example: 

 (5)  The total angular momentum, J is calculated as 

For S = 0 there are only three states for J and L 
For S = 1 there are three J values for each L value 

Thus what was originally  considered 1 energy level associated with n=2, n=3 is 
actually split into 12  levels involving different angular momentum interactions 





Degeneracy and Statistical Weights 

• The following equation suggested a statistical weight for degeneracies of any level i by 
representing the number of possible states having the same (degenerate) energy 

 

 

• Various states represented by this equation have the following possible angular momentum 
states 

 

 

 

• For example, the energy level 3P2 has a value J = 2  and a degeneracy of 5 

• Degeneracy should not be confused with multiplicity of levels having the same L and S values 

• States  2S + 1 or 2L + 1 produces multiple levels of the smaller value at different energies and 
does not necessarily impose degeneracy. 

 

 

 



j-j Coupling 

• j-j coupling for two electrons involves the linear addition of the spin and orbital angular 
momentums (as stated in previous slides) 

• The quantum numbers would therefore take on values ranging from  

 

 

• We will use LS coupling schemes and not j-j coupling notation for the remainder of this 
course b/c LS is more commonly used for laser transitions. 



Isoelectronic Scaling 
• Occurrence of similar energy-level  relationships 

among atoms having identical electron 
configurations but different quantities of 
nuclear charge.   

• Example:  similarity between Ag and Cd+ 
ground states 

• Example:  Ag+ and Cd++ ground states 
• Example:  He+ ions and Li++ ions 
• The energy for each atom is the ionization 

potential required to remove the last electron 
from that H-like ion 

• Screening wavelengths become smaller for 
higher Z values 

• Isolectronic screening becomes extensively 
used in X-ray lasers 

• In essence  X-rays are generated by stripping 
large Z electrons from combination states in 
which isoelectronic screening allows emissions 
of just a few angstroms 
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